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1.1 INTRODUCTION

The Nakagami-m distribution has traditionally been used successfully
to model the probability characteristics of ionospheric scintillations at
UHF. This report investigates the distxibution propertics of scintillation
data in the L~band range. Specifically, the appropriateness of the Nakagmi-~
m and lognormal distributions is tested.

Briefly the results confirm that the Nakagami-m is appropriate for
UHF but not for L-band scintillations. The lognormal provides a better fit i
to the distribution of L-band scintillations and is an adequate model allow-
ing for an errof of + 0.1 or smaller in predicted probability with a sample
gize of 256.

1.2 REMARKS ON NOTATION !

The original data were recorded concurrently at the UHF and L-band
channels at 36 observations per second in dB. The quantity whose distribu-
tion is under investigation here 1s the scintillation power, § = 1odB/10.
Plots of scintillation 4B values however are dB values relative to the

sample mean, L. That 18 dB in the plots is defined as
dB = 10log ( *§')
10 "pg

The original data at 36 observations/second were divided into
segments of 1024 observations each and numbered chronologically. Each such
segment is referred to as a block and corresponds to about 28.4 seconds of
recorded data. Data are often sampled at reduced rates to obtain independent
obgervations. To obtain a sample of size 1024 at the reduced rate of
6 observations/second would require selecting data from 6 of the original
1024 observation blocks (sampling rate = 36/second). If one beging sampling
at block 25, data from blocks 26, 27, 28, 29 and 30 would be used to make up
1024 observations at one-sixth the original sampling rate, (approximately
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170 seconds). Such a sample will however simply be denoted "block" 25;
that is, in this notation all samples will be denoted by the first block
where sampling began, although in each case both the sample size and

sampling rate will be explicit.

Two blocks (sample size = 1024) of the original UHF scintillation
power sampled at 36 observations per second are shown in Figures 1.1 and
1.2. The corresponding blocks for the L-band channel are plotted in
Figures 1.3 and 1.4.
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1.3 OUTLINE OF REPORT

Section 2 presents goodness-of-fit test results for the Nakagami-m
to UHF scintillations. Section 3 discusses the results of similar tests
with the Nakagami-m for scintillations in the L-band while section 4§
presents the results of fitting the lognormal to the same data. An over-
all summary with additional recommendations 1is found in section 3.




2. GOODNESS OF FIT OF THE NAKAGAMI-M TO UHF SCINTILLATIONS

2.1  INTRODUCTION

The distribution properties of scintillation data at UHF are investi~-
gated here for comparison with test results with L-band data. Two goodness-
of-fit tests, the Chi-squared and Kolmogorov-Smirnov were performed to test
the appropriateness of the Nakagami-m distribution. Results are presented
and discussed in sections 2.4 and 2.5 respectively. Section 2.6 presents
the method of probability plotting which allows a visual examination of the
goodness of fit.

The results confirm that the Nakagami-m models the sample distribu-
tions adequately.

2.2 PRE-WHITENING OF DATA

Previous investigators have indicated that sampling at 6 observations
per second produces approximately independent samples, and stationarity can
be assumed for 3-minute segments (corresponding to 6 "1024-observation"
blocks) of the original data.

The power spectra of 2 blocks of the original 36 samples per second .
data are shown in Figures 2.1 and 2,2. Figures 2.3 and 2.4 show the spectrum
of 2 samples (1024 observations per sample) at 6 observations per second.
These figures confirm that sampling at 6 per second effectively whitens the
data. Figures 2.5-2.8 which show the corresponding autocorrelations also
confirm that autocorrelation is effectively removed at 6 observations per

second.

A sampling rate of 6 per second and sample sizes of 1024 corresponding
to about 3 minutes of the original data were used in the following tests.




2.3 NAKAGAMI-M: ESTIMATION OF PARAMETERS

The probability density function (pfd) of the Nakagami-m is
m
£ () = —2— 5™l exp (- B 2.1
I'(m) R

where
S = Signal power
AN = Average power

I' (m) = Gamma function of m
The moment estimators of parameters {} and m are

JL =E [§] = B

S4 being the coefficient of variation or scintillation index

Og
4 Us

where cs and us are the standard deviation and mean respectively. The moment

extimators of m and ‘A from saﬁmle statistics follow directly from these
definitions.
The maximum likelihood estimates are

A —
JL = Es_i. = 8
n
and ’ =~
[(m) _ - ©Dlog 8§
T (o) log m log S
n
where




The moment estimators and maximum likelihood estimators are hence the
same for JSLbut differ for m .

Table 2.1 shows estimates of m from S4 and using maximum likelihood

for theUHF data under consideration. The difference between the two esti-~ ;
mates and percentage differences (using the S4 estimate as base) are also

shown. Ignoring the first two blocks (1 and 7) where the scintillation data

stream has not begun, it can be seen that 21 out of the 26 samples tested

show differences in m estimates of less than 10%. Seventeen of the 26

differ by less than 5%. As will be seen in section 2.5 the results of good-

ness-of-fit tests using either estimator do not vary considerably either.

For theoretical reasons and because the additional effort in terms of
\ corputation time is negligible, the maximum likelihood estimator is recommend-
ed.

2.4 CHI~-SQUARED TEST

This test compares the sample histogram to the fitted probability
density function. In this application 20 histogram bins are defined by the

equal probabilities method which avoids to some extent the arbitrariness

inherent in defining histogram class intervals (Kendall and Stuart, 1961).
The Chi-squared statistic is then computed from the difference between the
observed or histogram frequency and the expected frequency which in this case
is 0.05 for each of the 20 equi-probable bins, The parameter m 18 estima-
ted using maximum likelihood.

Results are presented in Table 2.2, Again, the first 2 blocks are to
be ignored leaving 26. From the table it can be seen that at the 0.0l
significance level, 8 samples out of 26 (30.87%) will give positive (null
hypothesis accepted) results. At the 0,005 significance level the breakdown
is 10 out of 26 positive. This analysis is presented in Table 2.3. Figures
2.9-2.13 show plots of histogram and fitted Nakagami-m pdf for selected samples.

10
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By themselves these results do not give enough acceptances to indicate
that the Nakagami-m is an adequate model for the observed distribution. The
Chi-squared test however 1is affected by the somewhat arbitrary way in which
the number and class intervals of histogram bins are definad. These limita-

tions are transcended by the Kolmogorov-Smirnov test presented next.

2.5 KOLMOGOROV-SMIRNQV TEST

This test compares the fit of the experimental to population cumulative

distribution functions (cdf). It establishes confidence intervals on the
sample or experimental cumulative distribution function (ecdf), Fn(x).# de
so that there is an «chance of some hypothesized distribution F(x) falling

outside the confidence bounds, £ do, 1f, under the null hypothesis, F(x)
is the underlying population distribution function. That is, if D is the
maximum absolute difference between experimental and hypothesized cdf's

D = S;P [ F (%) = F(x)

then there is an o —chance of D)dyx, if the null hypothesis is true, The
value dyg_ is computed from knowledge of the properties of the sample ordor
statistics and is a distribution independent parameter (Gibbons, 1971).
For large samples (n > 30), the following values of d.apply.

Significance level,.\,f Confidence level (1= de
0.10 .90 1.22//~
0.05 .95 1.36/u~
0.01 .99 1.63//~

The results of the Kolmogorov-Smirnov test with the Nakagami-m as the
hypothesized distribution are presented in Table 2.4. Parameter m is again
estimated by the method of maximum likelihood. Table 2.5 shows the breakdown
of these results by significance level. From the table it can be seen that
the percent acceptances are close to the theoretical values. Hence at 0.01

significance there is theoretically a 99% chance of acceptance while the
11
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number of acceptances from the test is 1 out of 26 or 96.1%. From these
results, it is possible to conclude that the Nakagami-m is an adequate model

to at least the 0.05 significance level.

Plots of experimental and hypothesized cdf's and the confidence inter-

vals for selected blocks are shown in Figures 2.14-~2.18.

For comparison purposes, the Kolmogorov-Smirnov test was rerun with
m estimated now from Sa. The results in Table 2.6 and 2.7 are not significantly
different from the earlier results using maximum likelihood estimation.
This is to be expected given the large sample size and the fact that the

Nakagami-m is an appropriate model for the data.

2.6 PROBABILITY PLOTTING

From Figures 2.14-2.18 it can be seen that the fit between experi-
mental and hypothesized distributions is generally good throughout the range
of the observations. Another go:d visual representation of the fit (or the
lack of it) is the method of probability plotting, (Wilk, et al. 1962).

Briefly, the method involves plotting the ordered observations
against the corresponding quantiles of the hypothesized distribution.

Suppose Ylszg.. . Yn represents an ordered random sample of n

observations and b,, b, ... bn are fractions of some hypothesized distribu-

1’ P2 P
tion "corresponding' to the order statistics. Then if Yi’ i=1,2 ... n

are quantiles of the hypothesized distribution such that
F (Yi} = bi i=1,2 ... n

and Yi e Yn is indeed an ordered sample from the hypothesized distribu-

tion the points (?;, Yi),i =1, 2 ... nwill tend to fall along a straight
line with slope 1 through the origin.

In this case the hypothesized distribution is the Nakagami-m

12
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F (;; m,.n.) - j f (S). m)Jl) ds
o

where the pdf is defined in (2.1).

A "standard" form of the distribution is obtained by the transforma-

tion ~
~- X.
Ju

so that the standard cdf is —~

X

F(;;mgl)-f f(s;m,l)ds

Hence 1f
F (Xi;m, 1) -bi i=1, 2 .. .n

N
then a plot of (xi, Yi) » 1 =1, 2 ... nwill tend to fall along a straight
line with intercept, J... Deviations from the straight line will indicate

where the lack of fit occurs.

Note that in this application of probability plotting it is necessary
to estimate the parameter m of the hypothesized distribution in order to

plot the quantiles ‘E; . As recommended by Wilt, et al. (1962) the frac-

tions bi are computed from

1
{ = =
bi 2

1-1,2-.-“
1

Figures 2.19-2.23 are the probability plots of the "blocks" whose
cdf's were plotted in Figures 2.13-2.18. The least squares line has been
drawn through each set of points. As can be seen the points do follow
closely the least squares line. The small deviations at the lower tail-
end are here accentuated by the conversion to dB values. Also as a result
of this conversion, the relationship

Y=NX
N 13




is now 10 log1

X
0 = 10 10310J1+ 10 loglo A
.

b>|~<

or

YdB = 10 logloJ'H- de

Although not shown the slope and intercept of the least squares line
are respectively close to 1 and 10 logloJlrespectively, again confirming
the good fit to the Nakagami-m.

3. GOODNESS OF FIT OF THE NAKAGAMI-M TO L-BAND SCINTILLATIONS

3.1 PRE-WHITENING

Figures 3.1 and 3.2 are the power spectra of two representative
segments of 1024 observations of the original L-band .scintillations at 36
observations per second. Figures 3.3 and 3.4 show the 6 observations per
second power spectra. Compared to the corresponding 6 per second spectra
of the UHF data (Figures 2.3-~2.4) which are approximately white the power in
the L-band spectra is more concentrated in the lower frequencies, indicating
longer time autocorrelations than in the UHF case. Halfing the sampling
rate to 3 observations per seaond, Figure 3.5, does not "whiten'" the data
sufficiently. At 1.5 observations per second, Figures 3.6 and 3.7, the spec-
tra resembles more closely white noise. The corresponding autocorrelations
at 36, 6, 3 and 1.5 observations per second are shown in Figures 3.9-3.11.
The progressive removal of autocorrelation in this series of figures is

evident although less obvious than in the spectra plots.

In the tests that follow, a sampling rate of 1.5 per second is

assumed to yield q{ndevendent obmervations.

3.2 STATIONARITY CONSIDERATIONS

To test the assumption of stationarity within 3 minute segments,

the Kruskal-Wallis one-way analysis of variance tost was implemented.

1« |
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A brief description of this test follows. Details can be found in Gibbons
(1971).

Suppose that there are K samples of size By, i=1, ... K, such that

there are N observations in all. That is

The null hypothesis, Ho’ is that all K samples are drawn from some common
population. Hence under Ho’ there is a single sample of size N, each observa-
tion of which ordered from smallest to largest can be assigned a rank rj
from 1 to N. If the N observations are from a single population, it would
be expected that adjacent ranks are well distributed among the K samples.
This criterion is tested by noting that the average sum of ranks

ny .

Ri =.3 j/ni for each sample of size, ni will have moments

i=1

(N$1) (N'ni)

R = m n 3 .
E [Ri] and var [Ri] 2 N

2
The Kruskal-Wallis statistic can then be formed
K 120 [R, - (1) /212

H=C
-1 N (8+1)

which is distributed as a Chi-squared variable. The rejection region for Ho
is then H) ¥ 2

ol sK-1 where ol is the significance leveland K-1 the degrees
of freedom.

The Kruskal-Wallis test is applied to test the hypothesis that 256
obgservations of L-band scintillations at 1.5 observations per second (about
2.8 minutes of data) constitute a sample from asingle population., Table
3.1 shows the result of testing this hypothesis by dividing the 256 observa-
tions into equi-size samples of 128 observations each. Table 3.2 shows the
results of hypothesis testing with the same 256~observation blocks divided

into 4 samples each of size 64. For each set of results, 22 out of 26
15
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(ignoring again 'blocks" 1 and 7) give positive outcomes at the 0.90
significance level and better. From these results, it can be concluded that
256 observations (at 1.5 samples per second) constitute a stationary (and
uncorrelated) sample. Note that no assumptions have been made about the
probability distribution of the samples and the Kruskal-Wallis test is in

fact independent of distribution assumptions.

3.3 NAKAGAMI-m

3.3.1 CHI-SQUARED TEST

Samples of 256 observations at the sampling rate of 1.5 per second
are now tested for goodness—-of-fit to the Nakagami-m using the Chi-squared
test. Results are in Table 3.3 and the breakdown of these results by the
number of acceptances at fixed significance levels are presented in Table
3.4. As with the UHF data m 1s estimated by the maximum likelihood method
and 20 equiprobable bins were defined for the histogram.

The results in Tables 3.2 and Table 3.3 indicate that fits are not
as good as was obtained with UHF data. Referring to Tables 3.3 and 2.3, the
number accepted at the 0.005 significance level is 8 for L-band and 10 for
UHF. At 0.01 it is 4 for L-band versus 8 for UHF. The differences are
however not significant and the results by themselves are inconclusive. At

issue again are the weaknesses of the Chi-squared test mentioned previously.

Histograms and fitted pdf's are plotted in Figures 3.12-3.16 for
selected blocks.

3.4 KOLMOGOROV-SMIRNOV

The test results with the Nakagami~m as the hypothesized distribution

are in Table 3.5 and the breakdown of these results by significance levels
are in Table 3.6. At the 0.01 significance level, the percentage acceptance

is 57.7 (15 out of 26) apd at the 0.10 level only 11.5 (3 out of 26). These
figures compare poorly with the UHF case - 96.1% acceptance at the 0.01
level, 80.8% at the 0.10 level, and are certainly far from their expected

16




values of 99.02% and 90% respectively.

Plots of the cdf's and confidence bands for selected blocks (25, 55,
85, 109, 145) are shown in Figures 3.17~3.21. The null hypothesis was
accepted at the 0.05 and 0.01 significance levels for blocks 25 and 55
respectively and rejected at 0.01 significance for the remaining three blocks.
It can be seen from these plots that the maximum deviations between sample
and hypothesized cdf's occur very close to dB = 0; this feature is also
discernible in Figures 3.17 and 3.18 (blocks 25 and 55) where Ho was accepted.
Table 3.5 also shows that the maximum deviations for all "rejected blocks"
occur at negative dB values less than 1, (which translates to within 1.25
times the sample mean value below the sample mean). Around these values,
the sample cdf also tends to be higher-in all blocks tested than that
predicted by the fitted Nakagami-m. These features are also evident
in the probability plots discussed in the next section.

3.5 PROBABILITY PLOTS

As was done with the UHF data, the ordered observations (y-axis) for
each block (sample) are plotted against the corresponding quantiles (x~axis) of
a Nakagami-m distribution with maximum likelihood m estimated from the sample
and Q = 1, The points are converted to dB so that the x-y relationship
if the sample is Nakagami-m distributed, should be

YdB = 10 log10 Q +X’dB
These probability plots for the blocks 25,55,85,109,145, depicted

earlier are shown in Figures 3.22-3.26. The poor fit to the Nakagami for
blocks 85, 109 and 145 1is evident in the departure from the straight line
both at the upper and lower tail ends (somewhat exaggerated because of the
conversion to dB) and especially in the "kink" formed by the sample points
just below 0 dB (y-axis). This "kink" corresponds to the maximum deviations
between sample and hypothesized cdfs noted in the previous section. Even
in the samples which yielded better fits ( Blocks 25 and 55), this departure

1?7




from the straight line close to dB = 0 is also discernible.
3.6 CONCLUSION

The results of the Kolmogorov-Smirnov tests bolstered by the evidence
from p-+bability plotting leads one to reject the Nakagami-m as an adequate
distribution model for the L-band data. For the sake of completeness the
results of Kolmogorov-Smirnov test runs with m estimated from S4 are also
presented here (Table 3.7)., As 1is evident there are minor variations from
block to block when compared to maximum likelihood results but the overall
picture in terms of number of rejections is not significantly different.

Table 3.8 compares the estimates of m from S, and using maximum likelihood

for L-band scintillations. Maximum likelihOZd consistently gives higher
estimates than 54 and differences are larger (greater than 10%Z in all cases
except 1) than the corresponding UHF results. This result may reflect partly
the smaller sample size (256 for L-band versus 1024 for UHF) but are certain-
ly another indication that the Nakagami-m is not an appropriate distribution.
(The maximum likelihood method estimates m and Q conditioned upon the

Nakagami-m being the true distribution).

18




/4. GOODNESS OF FIT OF THE LOGNORMAL TO L-BAND SCINTILLATIONS

4.1  INTRODUCTION

Having rejected the Nakagami-m for L-band scintillations the choice
of the lognormal was natural given previous experience in the field of
scintillation data.

The pdf of the lognormal can be written as:

{_Ls_)___t}_z]
Ps (s) = 1 exp [— %— Lo 8_32 ~ (4.1)

(s-8 J2n o

where
T = E[2) (4.2)
G = Var [Z2] (4.3)

Z being the logarithm (base e) of (S =~ 0), 1.e. Z = log (S - 9.

@ is usually assumed to be zero as 1t is in this application.

The moment estimators of T and ¢ follow directly from the definitions
4.2 and 4.3. Z being normal, the moment estimators are also the maximum
likelihood estimators.

The Chi-squared and Kolmogorov-Smirnov tests were rerun with the null
hypothesis, Ho now being lognormality of the samples. The results follow
in the next 2 sections. A third goodness-of-fit test designed particularly
for testing normality has also been run on the data. Details and results

are in Section 4.4, Probability plots follow in Section 4.5.

19
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4.2  CHI-SQUARED TEST

The results are shown in Table 4.1 and Table 4.2 gives a breakdown
by discrete significance levels. At every level of significance the
percentage acceptance of Ho show an improvement over the corresponding
results with the Nakagami as the hypothesized distribution (Table 3.4).

For example, at 0.0l significance the number of acceptances is 9 out of 26
compared to 4 out of 26 for the Nakagami-m. The percentage of acceptances
also compares favorably with the UHF-Nakagami Chi-squared results (see Table
2.3), although the apparent differences here are much less significant.
Nevertheless, if Chi-squared test results alone are considered,the lognormal
would appear to fit the L-band distribution at least as well as the
Nakagami-m modelled scintillation distributfions at UHF.

Plots of histogram and fitted pdf's are shown in Figures 4.1-4.5.

4.3  KOLMOGOROV-SMIRNOV TESTS

The test results are in Table 4.3 and the percentage acceptances
at discrete significance levels tabulated in Table 4.4. The improvement
over the corresponding results with the Nakagami-m (Tables 3.5 and 3.,6) is
immediately evident. For example there is 92.0% acceptance of lognormality
at 0.0l significance compared to 57.7% for the Nakagami-m. These results,
though an improvement, are still not entirely satisfactory. At 0.10, 0.05
and 0.01 significance, there is theoretically a 10%, 5% and 1% chance
respectively of the hypothesized distribution falling outside the Kolmogorov-
Smirnov bands. The percentage rejection at these levels of significance are
much higher; respectively they are 42.3, 34.6 and 8.0%. For comparison,
the corresponding figures for UHF data with the Nakagami-m as the hypothesized
distribution are 19.2, 7,7 and 3.92 rejection. Certainly these figures indi-
cate that the lognormal models the cdf of L-band scintillations less
successfully than the Nakagami-m vis-a-vis UHF.

20




Plots of cdf's and confidence bands for selected blocks are shown
in Figures 4.6-4.10. The improvement in fit compared with the Nakagami-m
is obvious although deviations between sample and hypothesized distributions
are still apparent. Discussion of maximum deviations and where they occur

will be taken up when probability plots are considered.

4.4  SKEWNESS-KURTOSIS TEST

This test is designed specifically to test for normality and proves
more sensitive in testing for lognormality (normality of the logarithm of
the scintillations) than either the Kolmogorov-Smirnov or the Chi-squared.

The skewness and kurtosis are shape parameters defined respectively

as:

where W is the kthcentral moment.

Bl is a mpasure of symmetry. The normal density distribution being
symmetric has J‘Bl = 0, By is a measure of curvature (or kurtosis). The

normal has a Bz = 3,

To test for lognormality then (the null hypothesis) the skewmess
and kurtosis of the log of the observations are estimated directly from the
central moments of the log sample according to the above definitions. For
large normally distributed samples of size n, say, the estimatevfg;
of yﬁ;; is approximately normally distributed with mean 0 and standard

.

deviation ‘/6/n . The estimate b2 of the Rurtosis B2 is also approxi-

mately normal with mean 3 and standard deviation ,‘Z&Ir. b1 and b2 are

uncorrelated. The above implies that
21
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has approximately achl-squared distribution with two degrees of freedom.
The test is based on the statistic T.

The results of hypothesis testing (Table 4.5) gives the percentage
acceptances by significance levels in Table 4.6. As is evident the percent-
age acceptances are significantly less at every significance level compared
to Kolmogorov-Smirnov results. In particular, at 0.01 significance, the

number of acceptances is about halved.

Also significant is the fact that the Bkewness and kurtosis of the

majority of the samples are less than zero and greater than 3 respectively.

This indicates a tendency for the samples (converted to their logs) to have
longer lower tails than the normal (skewness = 0) and to be thicker in both

tails (and hence more peaked in the middle) than the normal (kurtosis = 3).

Overall, the skewness-xkurtosis test indicates a sgmaller likelihood

of lognormality than did the Kolmogorov-Smirnov test.

4,5 PROBABILITY PLOTS

For a visual inspection of where lack of fit occurs probability plots
are again useful. As before, the ordered observations, say, vi,i-l,...n are
used to define the corresponding fractions bi,i-l...n of the standard normal

N(0,1) distribution through the relationship

i n i=1,2...n
Hence 1if xi,1-1,2,...n are standard normal variates such that
F(xi) - b1
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and Yy is truly lognormally distributed with parameters { and o, then the

relationship

i=1,2...n

should hold.

Plots of log yagainst x should yield straight lines with slopes O
and intercepts {, In this application, the observations are plotted in dB
hence the x-y relationship in the plots is actually

I3
YdB = 10 loglo %/ﬁ = (10 10310 e) o x - (10 log10 el -.10 log10 )

A
where U 1s the sample mean.

Probability plots for the blocks whose cdf's were shown in Figures
4.6-4.10 are found in Figures 4.11-4.15. The samples under discussion are
blocks 25,55,85,109,145. The Kolmogorov~Smirnov test gave Ho accepted at
0.10 significance for blocks 25,55 and 145. Ho was accepted at 0.05 for
block 109 and at 0.01 for block 85, The confidence bands shown correspond to

the respective significance level of acceptance.

At the 0.10 significance level, both cdf and probability plots for
blocks 25,55 and 145 show generally good fits throughout the range of sample
values. The experimental points in the probability plot of blnck 145
{(Fig. 4.15) dip slightly below the least squares straight line around dB = 0.
This translates into a lognormal cdf value smaller than sample values in that
region of the sample (Fig. 4.10). This effect is more pronounced in block
109 (Figures 4.14 and 4.9, Ro accepted at 0.05) and is more prominent still
in block 85 (Figures 4.13 and 4.8; Ho accepted at 0.01), Recasl that this
feature was previously observed as the characteristic "kink" in the probabili-
ty plots with the Nakagami as the hypothesized distribution. With the
lognormal probability plots, this effect is less pronounced and observable
in only some of the blocks suggesting that the lognormal is more successful
in modelling the distribution of values around the mean. However, values of
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kurtosis greater than 3 observed earlier for many of the blocks do indicate
probability densities of the log sample greater than predictable with the

normal.

4.6 DB _DEVIATIONS

A further examination of where "lack of fit" occurs is to consider
the deviations between theoretical and observed dB values at various
percentile levels, Say at the 10th percentile the closest ordered sample
value to satisfy the relation

.
N =P

A
is Si(p) while the theoretical value, S(p) is the quantile that satisfies
the hypothesized cumulative distribution.

A
8

f Ps (s) ds = p

o}

where N is the sample size, Ps(s) is the hypothesized distribution density
function. Converting these values to their respective dB (relative to the

mean) values, the dB deviation is computed as
S A

Tables 4.7 - 4.10 present these dB deviations at the 1lst, 5th, 10th
and 50th percentiles respectively for the fitting of both the lognormal
and the Nukagami-m to UHF and L-band channel scintillations. An examination
of the figures in these tables confirm the earlier results that show that
the lognormal fits sample distributions much better than the Nakagami-m in
the case of L-band scintillations while the reverse is true for UHF data.
Additionally these results hold true over the four percentile levels
investigated.
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4.7  INFLUENCE OF S4

The value of the scintillation index, 84, has been included in all
preceding tables. It can be noted that the UHF samples correspond to high
S4 values (S4 > 0.6); in fact all UHF S4 values are greater than 0.8. L-band
84 values on the other hand fall below 0,8 for many samples and for the "block"
67 and for "blocks" 85 to 121, they are less than 0.6.

S4 is a measure of variation about the mean value, being the ratio of
the standard deviation to the mean. It may be thought that S4 would have
some effect on sample distribution properties. 1In particular UHF samples,
all with high S4 values are modelled well by the Nakagami-m while the greater
variation in SA for L-band samples may have some bearing on the less satis-

factory performance of the Nakagami-m.

An examination of the results however indicates that no direct link
exists between the value of SA and the tendency of L-band sample distribution
to follow either a Nakagami or lognormal model. For example, referring to
the Kolmogorov-Smirnov results for goodness-of-fit to the Nakagami-~m
(Table 3.5), "blocks" 85-121, corresponding to low S4

of seven at the 0.0l significance level; '"blocks"” 25-61, on the other hand

show 4 rejections out

all with SA above 0.7 show 2 out of 7 rejections, not a significantly

dramatic improvement. The corresponding results with the lognormal (Table 4.3)
indicate no rejections for both sets of samples at the 0.01 level, while at

0.05 significance there are 3 (out of 7) rejections for the low S, samples

4

("blocks: 85-121) and again all acceptances for the high S, samples ('blocks"

35-61).

4

The overall picture for L-band samples appears to be that distributions
with low 84 values tend to be more poorly modelled than those with high Sa
by both the Nakagam{-m and the lognormal. It remains true nevertheless that
independent of the value of Sa, L~band samples conform more closely to the

lognormal than to the Nakagami-m.

25




""“31

4.8 CONCLUSIONS

It is evident from the foregoing results that the lognormal fits
L-band distributions better than the Nakagami-m. This is in sharp contrast
to the case of UHF scintillations whose frequency distributions are
adequately modelled by the Nakagami (section 2) but not the lognormal
(see Appendix).

In the L-band range however, Kolmogorov-Smirnov test outcomes of 927
acceptances at 0.01 significance level indicate that the lognormal is

adequate within an error allowance of approximately + 0.1 in predicted

probability with a sample size of 256. The lognormal fails more often than would

be expected of an "Adequate" model when greater accuracy than + 0.1 (with

256 observations) is sought. This is reflected in the Kolmogorov-Smirnov
outcomes (65.47% acceptance for an error interval of 0.085) and also indicated
by the result of the skewness-kurtosis test which is more sensitive to the
characteristics of normal probability density (of the log observations).
Probability and cdf plots indicate that poor fit occurs generally close to

and less than 2 dB values (dB relative to the mean) below the sample mean.

5. SUMMARY AND RECOMMENDATIONS

UHF Scintillations: Observations at 6 samples per second give

independent samples. 3 minute segments of data can be considered stationary.
The Nakagami-m is an adequate model for scintillation distributions at 0.05
significance. With a sample size of 1024, the maximum likelihood method

for parameter estimation aud estimation by the method of moments (Sa) give

results which do not differ significantly.

L-Band Scintillations: The recommended sampling rate for independent

observations is 1.5 per second. Stationarity within 3 minute segments is
confirmed by the Kruskal-Wallis test.
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Teble 4.11 summarizes the average dB deviations at all 4 percentile
levels for all the various distribution-data channel combinations. Average
dB deviations were computed in the following manner. DB deviation expressed

in terms of scintillation power i3

A
- SCp) _ S(p)
AdB(p) 10 loglo m 10 log,, m
A

= S(p)
10 log1° S(p)

Average dB d§viation is computed by first finding the arithmetic average of
the ratio —g-for all the blocks (except 1 and 7) and then taking logarithmic

values. Hence, average dB is expressed as

n A
Y - S()
AdB(p) 10 log10 i S

n
where n is the number of blocks over which averaging was performed.

As before, the average dB values confirm that the 'rmormal 18 more
appropriate than the Nakagami-m for L-band data (and <he r.verse yrur JHF)
at all percentile levels. Also, iun terms of dB deviations it is noted that
at the 1st and 5th percentiles, the Nakagami seems to fit UHF sample
Aisttibutions better than the case of the lognormal with L-band data, while
the reverse becomes true at the 10th and 50th percentiles. These observa-
tions however must take into account the fact that L-band samples were
smaller (256 observations) than UHF samples (1024 observations). Consequently,
more uncertainty is associated with the L-band probabilities, or expressed

another way, confidence bounds on L-band probabilities will tend to be larger.

Nevertheless, it 1is noteworthy that in both the L-band/lognormal and
UHF/Nakagami cases, average deviations at the 50th percentile are very small

indicating good fits at the median.
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The lognormal performs better than the Nakagami-m in modelling the
probability distribution of the data. The lognormal is an adequate model
at 0.01 significance with less than + 0.1 error in predicted probability
with sample sizes of 256. The lognormal fails to achieve the desired
accuracy at higher significance levels. Poor fits at these levels occur
close to and less than the sample mean, with the lognormal predicting lower

probabilities than the sample frequencies.

Other recommendations: It is clear from this work that the Chi-

squared test is less than adequate for goodness-of-fit tests with scintilla-
tion data. Not only is there inherent arbitrariness in the way the number and
values of histogram class intervals are defined, Chi-squared test results

do not provide adequate information regarding where lack of fit occurs. The
Kolmogorov-Smirnov test which defines confidence interval criteria is
recomnended instead. Together with cdf and/or probability plots it can provide
good indications of where and how badly poor fits occur both statistically

(with reference to confidence intervals) and visually.
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APPENDIX - Goodness of Fit of the Lognormal to UHF Scintillations

For the sake of completeness, two goodness-of-fit tests were run
to check the appropriateness of the lognormal for modelling the distribution of
UHF scintillations. These are the familiar Chi~squared test and the skewness-
kurtosis test described in 4.4. 1In both cases the null hypothesis Ho is that
the lognormal is an appropriate distribution model for the samples. As is
evident from Tables A.1 and A.2, the results of both tests show negligible
chance of accepting Ho for all blocks tested. (As before, blocks 1 and 7

containing invalid data are to be discounted).
Figures A.1 - A.4 showing cdf and probability plots for 2 representative
blocks indicate quite clearly the considerable deviation between sample

and hypothesized distributions.

These results leave little doubt that the lognormal is inappropriate
for UHF distributions.
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TABLE 2.3
CHI-SQUARE TEST: NAKAGAMI FIT TO UHF
PERCENT ACCEPTANCE BY SIGNIFICANCE LEVEL
[significance No. No. Percent
Level Accepted Rejected Total Acceptance
0.005 10 16 26 38.5
0.01 8 18 26 31.8
0.05 4 22 26 15.4
0.10 4 22 26 15.4
39
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TABLE 2.5

KOLMOGOROV SMIRNOV TEST: NAKAGAMI-M FIT TO
UHF: PERCENT ACCEPTANCE BY SIGNIFICANCE LEVEL
A
(M FROM MAXIMUM LIKELIHOOD)

Significance No. No. Percent
Level Accepted Rejected Total Acceptance
0.01 25 1 26 96.1
0.05 24 2 26 92.3
0.10 21 5 26 80.8
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TABLE 2.7

KOLMOGOROV-SMIRNOV TEST:
UHF: PERCENT ACCEPTANCE BY SIGNIFICANCE LEVEL

NAKAGAMI-M FIT TO

A
(M FROM S4)
Significance No. No. Percent
Level Accepted Rejected Total Acceptance
0.01 25 1 26 96.1(5)
0.05 24 2 26 92.3
‘ 0.10 22 4 26 84.6
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TABLE 3.4

CHI-SQUARE TEST: NAKAGAMI-M FIT TO L-BAND: PERCENT
ACCEPTANCE BY SIGNIFICANCE LEVEL
Significance No No. Percent
Level Accepted Rejected Total Acceptanc
0.005 8 18 26 30.8
0.01 4 22 26 15.4
0.05 2 24 26 7.69
0.10 1 25 26 3.85
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TABLE 3.6

KOLMOGOROV-SMIRNOV TEST: NAKAGAMI-M FIT TO L-BAND
PERCENT ACCEPTANCE BY SIGNIFICANCE LEVEL

Significance No. No. Percent
Level Accepted Rejected Total Acceptanc

0,01 15 11 26 57.7

‘ 0.05 6 20 26 23.1

0.10 3 23 26 11.5
!
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TABLE 4.2

CHI-SQUARE TEST: LOGNORMAL FIT TO L~BAND
PERCENT ACCEPTANCE BY SIGNIFICANCE LEVEL

ignificance No. No. Percent
Level Accepted Rejected Total Acceptance
0.005 11 15 26 42.3
0.01 9 17 26 34.6
Q.05 7 19 26 26,9
0.10 3 23 26 13.0
53
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TABLE 4.4

KILGOMOROV-SMIRNOV TEST: LOGNORMAL FIT TO
L-BAND: PERCENT ACCEPTANCES BY SIGNIFICANCE LEVEL

Significance No. No. Percent
Level Accepted Rejected Total Acceptance
0.01 24 2 26 92.0
0.05 17 9 26 65.4
‘ 0.10 15 11 26 57.7
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TABLE 4.6

SKEWNESS-KURTOSIS TEST: LOGNORMAL FIT TO L-BAND
PERCENT ACCEPTANCE BY SIGNIFICANCE LEVEL

Significance No. No. Percent

Level Accepted Rejected Total Acceptance

0,01 14 12 26 53.8

0.025 12 14 26 46,1(5)

0.05 8 18 26 30.8

0.10 7 19 26 26.9

{
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JORRIN S

——— ————— e o e R i
L - BAND
BLOCK _LOGNORMAL NAKAGAMT LOGNORMAL _ | r_mmmx._ ‘
1

13 3.89 1.34 3.10 ~0.559
19 2.18 -2.18 2.51 -0.907
25 0.696 -2.76 2.90 0.050
31 0.956 -2.82 1.55 -1.99
37 0.046 -2.64 2.43 -1.19
43 0.488 ~2.74 2.67 -0.548
49 1.43 -2.224 3.10 -0.384
55 1.65 -2.51 2.54 -0.939
61 0.742 -2.22 2.59 -1.10
67 3.55 -2.79 4.40 0.980
73 0.016 -2.06 4.05 0.460
79 ~0.0004 -1.72 2.20 -1.72
85 0.490 -0.787 4.22 -0.100
91 0.319 -1.36 4.28 0.232
97 -0.480 -1.30 5.30 1.62
103 1.75 -1.08 3.15 -0.679
109 1.29 0.367 4.85 1.43
115 -0.135 -0.779 5.06 0.919
121 ~0.197 -1.12 2.97 -1.38
127 -0.221 -2.13 1.95 -1.84
133 -0.338 -2.74 1.39 -2.75
139 1.50 -0.284 2.43 -1.20
145 0.942 -1.33 1.94 -1.89
151 1.91 -2.35 1.88 ~2.03
157 -0.565 -3.07 2.74 -0.881
163 1.44 -1.84 2.65 -0.787

AVERAGE

ABS VALUES 1.04 1.16 3.17 0.520

TABLE 4.7 -~ DB DEVIATIONS AT §ST PERCENTILE
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L ~ BAND

UHF

BLOCK LOGNORMAL NAKAGAMI LOGNORMAL q NAKAGAMI
1
7
13 -0.22 -.854 1.13 -0.014
19 0.572 -1.05 0.654 -0.525
25 0.870 ~0.397 0.372 -0.543
31 0.206 -1.20 0.870 -0.359
37 0.696 ~0.272 1.24 -0.096
43 0.414 -0.869 0.803 ~0.265
49 0.509 -0.901 0.722 -0.380
55 0.047 -1.44 1.18 -0.113
61 0.913 -0.197 0.833 -0.328
67 -0.531 -0.724 0.955 0.006
73 1.02 0.016 1.47 0.398
79 1.05 0.407 0.859 -0.408
85 -0.084 -0.593 0.955 -0.379
91 -0.177 -0.596 1.74 0.611
97 -0.091 ~0.492 1.11 0.001
103 -0.090 -0.339 0.847 -0.313
109 -0.419 -0.800 1.42 0.488
115 ~0.280 -0.533 1.23 0.041
121 -0.306 -0.697 1.04 -0.344
127 ~0.542 -1.36 1.31 0.149
133 -0.814 -1.72 1.35 0.019
139 0.187 -0.385 1.19 0.087
145 -0.455 ~1.39 0.800 -0.401
151 -0.249 -1.85 0.918 -0.474
157 -0.001 -0.974 0.815 ~0.340
163 0.618 -0.569 1.07 -0.035
2§§R$§Euzs 0.148 0.716 1.04 0.108
TABLE 4.8 =~ DB DEVIATIONS AT 5th PERCENTILE
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L - BAND UHF
BLOCK LOGNORMAL NAKAGAMI LOGNORMAL NAKA
1
7
13 -0.129 -0.364 0.435 0.161
19 0.039 ~0.602 0.197 -0.196
25 0.531 ~0.044 0.220 -0.027
31 -0.010 ~0.652 0.394 -0.021
37 0.488 0.131 0.315 -0.029
43 -0.112 -0.684 0.297 -0.022
49 0.293 ~0.304 0.346 0.063
55 0.334 -0.207 0.231 -0.011
61 -0.236 -0.681 0.308 0.018
67 ~0.483 -0.485 0.250 0.132
73 0.734 0.518 0.0628 -0.148
79 6.151 -0.104 0.325 -0.026
85 ~0.243 -0.471 0.491 0.180
91 ~0.334 -0.521 0.895 0.752
97 -0.056 ~0.289 0.0700 -0.144
103 ~0.223 -0.317 0.528 0.278
109 ~0.324 ~0.500 0.358 0.264
115 -0.208 -0.316 0.178 -0.013(5)
121 -0.166 ~0.354 0.439 0.071
127 -0.293 ~0.704 0.940 0.676
133 ~0.284 -0.649 0.778 0.419
139 -0.734 -0.882 0.830 0.590
145 ~0.360 -0.799 0.438 0.140
151 ~0.385 -1.04 0.085 -0.419
157 -0.139 -0.555 0.143 -0.161
163 -0.707 -1.15 0.322 0.0245
::gksifuzs 0.099 0.445 0.387 0.108
TABLE 4.9 - DB DEVIATIONS AT 10th PERCENTILE
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"”“i

L - BAND UHF
BLOCK LOGNORMAL NAKAGAMI LOGNORMAL NAKAGAMI 1
13 -0.612 -0.854 -0.768 -0.079
19 -0.457 -1.05 -0.436 0.161
25 -0.232 -0.397 -0.388 0.146
31 -0.514 -1.20 -0.432 0.182
37 -0.113 -0.272 -0.642 0.035
43 0.076 -0.869 -0.620 -0.038
49 0.210 -0.901 -0.754 -0.104
55 0.398 -1.44 -0.618 0.047
61 0.066 -0.197 -0.798 -0.110
67 -0.042 -0.724 -0.850 -0.152
73 -0.382 0.316 -0.743 -0.044
79 -0.097 0.407 -0.688 0.0241
85 0.235 -0.593 -0.866 -0.058
91 0.102 -0.596 -1.00 -0.188
97 0.134 -0.492 -0.679 0.039
103 0.184 -0.339 -0.763 -0.032
109 0.162 -0.800 -0.747 -0,042
115 0.265 -0.533 -0.916 -0.101
121 0.237 -0.697 -0.540 0.252
127 0.368 -1.36 -0.915 -0.195
133 0.014 -1.72 -0.760 -0.005
139 -0.117 -0.385 -0.763 -0.069
145 0.231 -1.39 -0.748 -0.035
151 -0.056 -1.85 -0.368 0.285
157 0.198 -0.974 -0.591 0.080
163 -0.005 -0.569 -0.562 0.072
2§§R$ﬁiuzs 0.013 0.366 0.688 0.046
TABLE 4.10 - DB DEVIATIONS AT 50th PERCENTILE
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FIGURE 2.1
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Power Spectrum of UHF Scintillations at
Block 25
3

36 per second:
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FIGURE 2.6
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Autocorrelation of UHF Scintillations at
Block 85
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36 per second:
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FIGURE 2.11

HISTOGRAM AND NAKAGAMI
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FIGURE 2.13
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FIGURE 2.14

COF PLOTS: BLOCK 25
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FIGURE 3.11

Autocorrelation of L-Band Scintillations at
Block 25

1.5 per second:

1.71
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FIGURE 3,13

HISTOGRAM AND NAKAGAMI

L-BAND BLOCK S5
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FIGURE 4.4

HISTOGRAM AND LOGNORMAL PDF
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FIGURE 4.5

HISTOGRAM AND LOGNORMAL PDF

0.775

S&

L-BAND BLOCK 145

8
g
&
2
)
g
™~
8

i

T
o
-t
»
&
[
§
-
it

122

“4

I.-}
&
8
o
g
o9
8
o




123

vevy? L

NMOHS STVA¥3INI "INOD X 06  926°0 = 45 B
GZ 33018 :5107d 307 TVNJONOO1/ONYE-T

9°% MASIA




108
0P’z OT'Z 00 OVl

_——n ke ..

124

NMOHS STIVAJA3LNI “d4NOJ X 06 666 0 = 1S 8
SS 230718 :S1077d 403 TVNJON9OT/ANY8-1
L% ANOIL




~

o9l _Oov 1

0Z'l 00

NMOHS STIVAA3INI "4NOJ X 66 8.5 0 = %S
G8 330718 :S107d 402 TVANAONSOT/ANYVE-T

8y JWNOIJ




126

NMOHS SIVAJd3INI "dINOJ X G6 L6 0 = 1S
601 32078 :S1071d 300 TYANION9DT1/ONVE-T]

w 6" TNOTL




127

(TA -
NMOHS STYAYILIN! “4NOJ X 06 Si.°0 = 45 B
S¥1 %3078 :S107d 4G9 TVNIONSOT/ONYE-
0T "% NNOIA

e imiieeeatadn emamae - s . .



O0'E 06'Z 00°'Z 081 00’7l OS'pD 00006 0-00'1-05"1-00'2-08'2-00'C

i

v

v

v

09'0 00°009°0- OB O- OZ'1- 09 I~

3> SNOI LVAY3S80

v

128

8
—
0

NMOHS 3NIT S33avNBS 1Sv3T 926 0 = 1S
GZ 20078 :S107d £117718Y803d TYNJION9O1/ONVE-T

TT°% ENO14




1

. ., SIOON SIUULNVND e
O0'B O6'Z 007 O6'Y 001 OS'D OD'O0S G- 00 1- 06 1~ 00 T~ 08 &~ 00 n...-.o
*e
L
g
.
3
L
8
S
8
S
8

NMOHS 3N S33vyNOS 1Svy31 66 0 = S
A307718 :S107d A117718v80dd TVNION9OTT/aNVE-T

<17y TWNOIL

oy




C170)N
00’8 086°Z 00°Z 08} 8.._~ oon.b wmum_»nz%woun 08 1- 00 Z- on.«hoo.uﬂ.w
8
ré
8
rd
»
o
rd
8
r‘mm
8%
f.Om o
- e =
4
A
Wm
“l\
Lo %
8o
b
| 8
8

NMOHS 3NI7 S3davN0S 1Sv3an 8.5 0 = 1S
G8 230718 :S107d A117718v80a3d TYNJON9IO1/AGNVE-1

€T°% TWNOI4




(10D
008 08°Z 00'Z OS'3 S.Ln« OOnLW M’M.ﬁ-on_%nZ“uOothLc 00°'Z- 08°'%- 00°€

NMOHS 3NITT S33vNOS 1Sv3t L6% 0 = ¥S
601 %3078 :S107d A1i1718v80ad TYNIONSOT/AONYE-1

71" % $ENO1d

‘0O 0D'0 OZ° 0~ 04° 0~ 09'0- 08°0-

| LYA¥3SE0

v

-

o

\ o

13




00'g 06'Z 00'Z 06°1 00'1 OR'S 00 D0S %0 1- 06" 1- 00°Z- 08" Z- 00°E

NMOHS 3NIT S3avn0S 1Sv3d GLL O = 1S
G417 30718 :S1071d A117118v80ad TYNION9OT/ONYE-T

SI°% TUNOI4

v

v

——

v

03" 0~ O%'O- 09' O- 09 D~ 00°3- OF' 3~

1 1LVAY3S80

O

132




NAOHS STIVAJIIN! “4NOJ X 66 Z08°'0 = 45 B
GZ 330778 :S107d 307 TVNAONSOT/ dHA
T1°V NNO1I

PR I e S TR S TR




08°'Z OvZ 002 R

cdac ~aara soigts et

134

| NMOHS STVA¥3LINI “4NO3 % 66 996°0 = 45 °©
1 68 37078 :S107d 407 IVNNONSOT/  4HN
Z2°V nNo1a




(1“0)N Ti
09°'S 00y 00'Y OZ'E o:.hn %@.»« WWLQD.—.%%MOOO O- 08" 1-04°%- OZ '€- 00 +-,
e |8
P o~
3
x
8
rd
8o
v@m
3%
v.olv.. “u
Wm -
&\u o &
e 8.
-8
w(
To.
.
82
8
Lo
3

NMOHS 3N S3avNOS 1Svy3T 408 0 = 4§
SZ AJ0718 :S1071d A11718Y80ad TYNAON9SOY/ 4HN

€'V NN




09'S 08'y 00'Y

8
il
3
0
2
Tﬁ.
O
g
al

NMOHS 3NI7T S3avnOS L1Sv3 9960
G8 33078 :S1077d A117118v80add TYNAONIOT/

7'V TN0I14d

S
JHN

\ B

. an

v

00'Z 0OB'3 OZ'I OB'C OV'0 OGO OY O- 08 O- OZ 1~ 09°1- 00°2Z
136

A g

v

10T (80> SNOI1vA¥3S80

v







